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21 Introduction
The Pricing of forward-start options is one of the problems where realistic modeling of volatility
dynamics is of particular importance. The Barndor®-Nielsen-Shephard model tries to meet this
requirement. The general case of this model is introduced in Barndor®-Nielsen and Shephard
(2001). A possible modi¯cation of this model and parameter estimation technique is described
in Hubalek and Posedel (2008).
We use the a±ne property of the Barndor®-Nielsen-Shephard model in order to derive a for-
mula for pricing forward-start options. Applications of the a±ne processes in derivative pricing
have been studied in Du±e, Filipovic and Schachermayer (2003) and Keller-Ressel (2008). The
forward-start option pricing in other stochastic volatility models has been studied in Lucic (2004),
Kruse and Noegel (2005) and Bloch (2008).
In section 2 we derive a semi-analytical formula for pricing forward-start options in the Barndor®-
Nielsen-Shephard model. Section 3 provides numerical examples based on this formula. Finally,
section 4 concludes.
2 Derivation





where T is a maturity, T0 is a forward-start time and k is a relative strike.
Some techniques of pricing plain vanilla options require only the knowledge of the characteristic
function of the logarithm of the underlying 1. Since forward-start options can be seen as options
1Examples of such techniques are described in Attari (2004) and Carr and Madan (1999).
3on the underlying UT =
ST
ST0
, these techniques can be extended to forward-start options. The









Keller-Ressel (2008) has derived a general expression for the forward characteristic function of
the a±ne models in terms of the solutions of the generalized Riccati equations. In this paper we
use this result to derive an implementable formula for the forward characteristic function of the
Barndor®-Nielsen-Shephard model.
The risk-neutral dynamics in the BNS model is
d(logSt) = ±dt +
p
VtdWt + ½dJ¸t; (4)
dVt = ¡¸Vtdt + dJ¸t; (5)
where Jt is the Levy subordinator that drives the model, ± is the drift that is determined by the
martingale condition for St, ¸ is the mean-reversion rate, ½ is the comovement parameter.
In general, the cumulant generating function of the a±ne models is de¯ned by some functions
Á(t;u;w) and Ã(t;u;w) and has the form
K(u;w) = lnEQ[e
ulnSt+wVt] = Á(t;u;w) + V0Ã(t;u;w) + ulnS0; (6)
for all u;w 2 C; where EQ[eulnSt+wVt] < 1.




ST0 ] = EQ[e
¡iulnST0EQ[e
iulnSTjFT0]] =
EQ[exp(Á(T ¡ T0;iu;0) + VT0Ã(T ¡ T0;iu;0))] =
exp(Á(T ¡ T0;iu;0))EQ[VT0Ã(T ¡ T0;iu;0)] =














F(u;w) = ¸·(w + ½u) ¡ u¸·(½); (10)
and ·(u) is the cumulant-generating function of the Levy subordinator Jt that drives the model.
In this paper we consider an example of the BNS-model where the latent state follows the Gamma-





where Nt is a Poisson process with intensity a and each xn follows an exponential law with mean
1
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2 ¡ u): (14)
Separating real and complex parts in (13) and applying the complex numbers division rule yields
F(v;Ã(s;v;w)) =





(b ¡ ½)(e¡¸sRe(C) + Re(D) + i[e¡¸sIm(C) + Im(D)])
=
¸a
(b ¡ ½)(e¡¸sRe(C) + Re(D))2 + (e¡¸sIm(C) + Im(D))2£
[(e
¡¸sRe(A) + Re(B))(e









Let us introduce an auxiliary integral
G(®;¯;°;³;´;º;p;x) ::=
Z
®e¡2px + ¯e¡px + °
³e¡2px + ´e¡px + º
dx;®;¯;°;³;´;º;p;x 2 R (16)




























ln(³ + ´epx + ºe2px)
p
+ ¹ C; ¹ C = const: (17)




[G1(t) ¡ G1(0) + ifG2(t) ¡ G2(0)g]; (18)
6where
G1(x) = G(Re(A)Re(C) + Im(A)Im(C);









G2(x) = G(Im(A)Re(C) ¡ Re(A)Im(C);









Substituting (8) and (18) into (7) yields an analytic formula for the forward characteristic function
of the BNS model.
3 Numerical examples
We have applied derived formulas to illustrate how the price and greeks of a forward-start call
depend on each of the BNS parameters. The solid lines in Figures 1- 5 show the prices of a
forward-start call for a range of values of one parameter when all the other parameters are kept
constant. The ¯ve ¯gures correspond to ¯ve BNS parameters. The strike of the option is 1.0, the
maturity is 3 years, the forward-start time is 1 year, the interest rate is set to 0.0 and there are
7Figure 1: Comovement scenario. ¸ = 1:0;b = 50:0;a = 0:5;
p
V0 = 0:2
Figure 2: Mean-reversion rate scenario. ½ = ¡5:0;b = 50:0;a = 0:5;
p
V0 = 0:2
8Figure 3: Exponential law parameter scenario. ½ = ¡5:0;¸ = 1:0;a = 0:5;
p
V0 = 0:2
Figure 4: Poisson intensity scenario. ½ = ¡5:0;¸ = 1:0;b = 50:0;
p
V0 = 0:2
9Figure 5: Initial latent state scenario. ½ = ¡5:0;¸ = 1:0;b = 50:0;a = 0:5
Figure 6: Forward start time scenario. ½ = ¡5:0;¸ = 1:0;b = 50:0;a = 0:5;
p
V0 = 0:2
10no dividends. Dashed lines show the values of greeks corresponding to particular parameters.
Figure 6 shows price and theta for di®erent forward start periods. To calculate theta we set
T = ¿ + T0, keep ¿ constant and calculate the derivative with respect to T0.
4 Conclusion
The pricing of forward-start options in the general form of the Barndor®-Nielsen-Shephard model
requires numerical integration2 for each evaluation of the forward characteristic function. To-
gether with the integration in the Fourier space this yields computational times equivalent to
two-dimensional integration. However, if we use a particular form of the BNS model with the
latent state following the Gamma-Ornstein-Uhlenbeck process, an analytical expression for the
forward characteristic function is available. It reduces the computational time for pricing forward-
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